PUBLISHED BY INSTITUTE OF PHYSICS PUBLISHING FOR SISSA

RECEIVED: May 30, 2008
ACCEPTED: June 19, 2008
PUBLISHED: July 4, 2008

“Anomaly” in n = oo Alday-Maldacena duality for
wavy circle

H. ltoyama

Osaka City University, 3-3-138 Sugimoto Sumiyoshi-ku, Osaka, Japan

E-mail: ftoyama@sci.osaka-cu.ac.jg

A. Mironov® and A. Morozov®

@ Lebedev Physics Institute, Leninsky propsekt, 53, Moscow, Russia
YITEP, Bol.Cheremushinskaya, 25, Moscow, Russia
E-mail: pironov@itep.ru, porozov@itep.ry

ABSTRACT: If the Alday-Maldacena version of string/gauge duality is formulated as an
equivalence between double loop and area integrals a la arXiv: 0708.1625, then this pure
geometric relation can be tested for various choices of n-side polygons. The simplest
possibility arises at n = oo, with polygon substituted by an arbitrary continuous curve. If
the curve is a circle, the minimal surface problem is exactly solvable. If it infinitesimally
deviates from a circle, then the duality relation can be studied by expanding in powers
of a small parameter. In the first approximation the Nambu-Goto (NG) equations can
be linearized, and the peculiar NG Laplacian Axg = Ag — D? + D plays the central
role. Making use of explicit zero-modes of this operator (NG-harmonic functions), we
investigate the geometric duality in the lowest orders for small deformations of arbitrary
shape lying in the plane of the original circle. We find a surprisingly strong dependence of
the minimal area on regularization procedure affecting ”the boundary terms” in minimal
area. If these terms are totally omitted, the remaining piece is regularization independent,
but still differs by simple numerical factors like 4 from the double-loop integral which
represents the BDS formula so that we stop short from the first non-trivial confirmation of
the Alday-Maldacena duality. This confirms the earlier-found discrepancy for two parallel
lines at n = oo, but demonstrates that it actually affects only a finite number (out of
infinitely many) of parameters in the functional dependence on the shape of the boundary,
and the duality is only slightly violated, which allows one to call this violation an anomaly.

KeEywoRrDS: |JAdS-CFT Correspondence, Duality in Gauge Field Theories)
Supersymmetric gauge theory, Nonperturbative Effects.
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1. Introduction

1.1 Alday-Maldacena duality

The Alday-Maldacena version [f[] of the string-gauge duality [B] is one of the most spectacu-
lar new hypotheses of the last year and it naturally attracts an increasing attention [[]-[BJ.
We prefer to formulate it in a pure geometric form [[[2]:

Conjecture: an explicit regularization can be found such that for any polygon II which
is made from n light-like segments in Minkowski space R* i

o= (f ftim)

where A is (regularized) area of a minimal surface in the bulk AdSs space with the metric

= Ap (1.1)

regularized

L (Minimal Area)

regularized

o dr?+dy?
=—

ds ;7 = —dyy + dyi + dyi + dy3 (1.2)
bounded by the polygon IT which is located at the boundary (absolute) of the AdSs (at
r — 0).

1.2 Comments

The Alday-Maldacena duality is motivated by considerations of the planar (N = oo) limit
of N =4 SYM and combines a number of different hypotheses about the non-perturbative
properties of this theory. Despite we are going to analyze ([LI)) as a formal relation,
without direct reference to its physical meaning, a few remarks are still necessary to clarify
the possible subtleties of the problem. For more detailed presentation of our understanding

of physical motivation behind ([[1)) see [I3, 1, P4, R9).

1. Iin ([L.I) is a polygon in the momentum space, formed by n null momenta of external
gluons. Therefore AdSs space at the r.h.s. of ([L.1) is dual [B4, [[] to the ordinary one in
AdS/CFT correspondence [B]. Accordingly one needs to distinguish between conformal
SO(4,2) symmetries of the bulk and momentum AdSs5 spaces.



2. The Lh.s. of ([.1) looks like a logarithm of the average of an ordinary Abelian Wilson
loop:

Dy = log <exp {Z}{ Au(gj)dy“}> (1.3)
IT regularized

eq. (1) should not be confused with another well-known conjecture,
Ay = log Wi, (1.4)

relating the r.h.s. of ([L.1]) to an average of the N = 4 SUSY Wilson loop

Wi = <ﬁ Pexp {z ﬁ (Adidy + o) }> (1.5)

regularized

involving non-Abelian vector fields and scalars and non-trivial multi-loop diagrams.

3. The Lhs. of (LT]) is an identical, though non-trivial, reformulation [fl, |, fij of the
celebrated BDS conjecture [Bd], stating that the n-gluon MHV amplitude in A" = 4 SUSY
YM in the planar limit is ezactly equal to the exponential of the one-loop result, which is in
turn reduced to contribution of the "2me” box diagrams and explicitly expressed through

dilogarithm functions [B7, Bg].

4. The r.hs. of ([l.])) can be considered as a version of the Gross-Mende conjecture [BJ]
that the high-energy asymptotics of stringy scattering amplitudes are given by exponen-
tiated minimal areas in the relevant bulk spaces with appropriate boundary conditions.
Within the N/ = 4 SUSY context, one can assume that the statement is true for all values
of external momenta, not obligatory large, while the ADS/CFT conjecture [Bj] identifies
the relevant bulk space in this case as AdSs x S°.

1.3 Current status of the Alday-Maldacena duality

The status is somewhat controversial.

All reliable evidence in support of ([L.1)) is at n = 4 [l and sometime at n = 5 [, [L6,
28]. Unfortunately, this evidence is not decisive, because at n = 4,5 explicit expressions
are fully determined by the anomalous Ward identities [BI], associated with the global
conformal invariance of the problem [{, L6, B§, BJ]. For n > 6 this symmetry is too small
to unambiguously constrain the answer, but in this case there is still no clear way to
explicitly evaluate the r.h.s. of ([.I). This Plateau minimal-surface problem is considered
unresolvable (in any explicit form) in flat spaces. If ([[.]) was true, this would imply that
the situation is drastically different in AdS space, since the Lh.s. is an absolutely explicit
expression: the AdS Plateau problem would be exactly solvable, and this is what makes
the Alday-Maldacena hypothesis so interesting and significant far beyond N = 4 SUSY
studies. Attempts to solve the AdS Plateau problem are described in [26, Rg], but they are
still far from being conclusive.

Meanwhile, the counter-arguments against (|L.1) are mounting. Already known ones
can be divided into three categories.



Counter-arguments of the first type argue that the BDS conjecture, which is behind
the Lh.s. of ([L.1)), contradicts some other physically-expected properties of the scattering
amplitudes for n > 6, like Regge behavior [BJ.

The second type of counter-arguments [B(] is based on results of higher-loop calcula-
tions of non-Abelian Wilson average Wyy. The claim is that Dp # log Wiy, so that ([[.1)
comes in contradiction with the usual belief that A = log Wrp. This belief is just supported
once again by [(, (1.

The third type [, RO] comes from attempts to evaluate Ay for some special polygons
IT, when the AdS Plateau problem is simplified. While in [R(] the boundary conditions
are considered which seem to be inconsistent with the simplest BDS conjecture (additional
restrictions on virtual momenta in the loops are imposed), the discrepancy found in [23] can
be eliminated only by an ugly change of regularization, what signals about a real problem.

All these difficulties look very serious and seem to distract people from the Alday-
Maldacena hypothesis, at least, in its simplest form ([.1]). However, the above-mentioned
counter-arguments have a common drawback: they are too special to show any way out,
they can serve only to rule out formula ([L.1)), but can not explain how and why it should
be modified. Thus, one needs at this moment is a considerable extension of the above
counter-examples, taking them from particular selected points in the infinite-dimensional
”moduli space” of all relevant polygons II to at least some vicinities of those: this can help
to get rid of regularization ambiguities (provided there is only a finite number of possible
counterterms) or to formulate explicit requirements to infinite-parametric regularization
schemes (if one is going to look for a resolution of emerging problems this way).

1.4 The goal of this paper: a perturbative analysis of the smooth n = co limit

In this paper we are going to elaborate on the so far most constructive counter-example
to (L.1)): the one found in [RJ for a special rectangular configuration at n = oo. The
specifics of this "smooth n = oo limit”, see s.2.8 of 2], is that the Plateau problem can
be reduced from AdSs to Euclidean AdS; lying at yo = y3 = 0, and II in ([.I]) becomes
an arbitrary curve in the plane of the complex variable z = y; + iys. One can apply
the methods, developed in [2G, B9, to solve the Plateau problem, at least, in the from of
power series in the deviations from some exactly-solvable examples where the role of II is
played by two parallel lines or a circle. This kind of slightly deviating boundary conditions
was called "wavy” in [E2] (see also [[H]), and, in these terms, we are going to address
the problem of "the wavy circle”. The long-rectangular (actually, the two-parallel-lines)
example of [J] would correspond to a circle of infinite radius, however, this large-radius
limit is somewhat singular and ”wavy rectangular” requires separate consideration, which
is straightforward, but left beyond the scope of the present paper.! In this way we obtain
the Lh.s. and the r.h.s. of ([.]) for an infinitely-parametric family of wavy curves II and
thus obtain a significantly wider information than in the previous considerations.

1One could of course use the results of [@, @], but since the o-model action was used there instead of
the Nambu-Goto one, there are additional sources of complications.



Our result is somewhat surprising: we confirm that ([[.1) is not true, at least, in the
most naive regularization prescription. However, even for this prescription the two sides
of ([.1)) are very similar. Still, they are different, moreover, their global conformal properties
do not coincide. At the same time, we observe an unexpectedly strong dependence on the
choice of regularization prescription, what makes the hypothesis formulated in s.1.1, much
more difficult to overturn.

1.5 The main result of this paper

Our attempt to confirm relation ([[-]) for a continuous curve II = II, which is an infinites-
imal deformation of a unit circle in the complex z-plane, z = y; + iys, with yo = y3 = 0,
fails, but in an interesting and puzzling way: the two sides of ([L.1) are different, but only
slightly different.

Namely, if IT is an image of the unit circle |(|*> = 1 under the conformal map z =

H(C) = ¢+ >0 o hiCF, then

D L

oo = 22— 4r QP — QY - QY| +47Q + 0(h%), (1.6)

27 A

An _ L 31H@ _ HB1) (3.2) 4

g—@—l—g[n— n —4Qn ]+O(h) (1.7)
We see the discrepancy between these two expressions: first the coefficients in front of the

brackets differ by a factor of kK, = 8{, second, one of the structures in the brackets in Ap

differs from those in Dy by a mysterious integer factor 4. Thus, only few of infinitely many
coeflicients in h-expansions are different, still the difference exists even if regularizations
are matched, koA = 4u and nonphysical constants 27 and 1 are omitted.

Moreover, one could even think that the overall coefficient k, is not a problem at
all. However, it is, if one assumes this coefficient is completely independent on the shape
of II. Indeed, in the quadrilateral n = 4 example [III, 3, @]2 kO = 8 and, therefore,
Ko = 8% = gK0. Still, one can imagine a simple dependence of this coefficient only on the
number of corners of II to reproduce this overall difference 5.

In these formulas Q9 are certain structures of the order hP:

2 o0
D=3 B,
k=0

LR 1é(l<: -2) (1.8)
P =op+or? = % fj Cij (Rifghij—1 + hifhisi 1),
i,j=0
Cyj = %(z‘2+3z’j+j2—6i—6j+7) (1.9)
Q(ff”2) = % i Ci (h?}_l2i—1 + B?h%—l), (1.10)
i=0

2In this example, the finite piece of the double loop integral is —2(log s/t)? (see (2.16)-(2.17) and (2.13)
in [@])7 while that of the minimal area is —1/4(log s/t)* @7 @], compare with —1/2(log s/t)? in the g-model
case @, (4.26)].



while Qg’ s the sum of off-diagonal terms,

Qg”l) = Z Cij (hihjﬁi+j—1 + Biﬁjhi-l-j—l) (1.11)

1<j
Different coefficients in front of Q(gl and Qp (82) i Aq imply that the tensor Cz‘(f ) =
3@5 Yy 12Q (32) Wwhich would play the role of Cj; = C( F= QY+ Qz('?Q) in ([L.73), is not

ij
just a polynomlal in the indices 1, j.

_ I & 77
Q' = (d+A)QR + 7 D0 Usguahilshily

i,4,k,1=0
it ikt
1 & _ N
+6 Z Vijk (hihjhkhi+j+k—2 + hih;h hz+j+k—2),
1,J,k=0

1,
Ui = dusins(KCy = §li-+ )k + Dl ~ {k —2)

1O(k +2)(k + Dk(k — 1)(k — 2)), for k < 4,7,

Vij = Z‘;k (z 2+ K+ 3(if 4 jk+ik) —9(i+j + k) + 15) (1.12)
The complete expression for Ujj.x; is restored by the symmetry under the permutation
(i,7) « (k,1). Note that the naive continuation of formula (.IZ) to the whole region of
indices leads to the non-symmetric Ujj;.5;. Therefore, in this case already Ujj. = U, Z(JD& is
not a polynomial of indices i, 7, k, I. Terms of the order h?* in Ay still need to be calculated,
presumably, they will also be made from the same coefficients U;;.; and V;;, but with a
few extra overall coefficients as it happens to the h? and h? terms.

At least, the h-linear terms in Dy with all possible powers of h can be summed up to

give
> L | MO 3RO N
7{(2 —()Sc{z}¢%d¢ = j{h(ﬁ) Th’(C) -3 <Th’(4)> ] ¢%d¢ (1.13)
IS O IR
p=1 11,..0,0p=0 a=1 a<b

p(3p+1 -
—3p Z 1q + p7)> h11 . hiphil—l—...—l—ip—l—l—p

The above coefficients A, C,V arise in particular terms of this formula, with p = 1,2,3
respectively and

" S 2
Sl =2 -3 <_> = - SA SlE e = S

Vdz /d Vi dC /d
is the Schwarzian derivative, which vanishes identically for rational transformations z =

C+h(¢) = ZEIS Of course, there is a complex conjugate contribution which is linear in




h and sums up all possible powers of h. It is unclear if a similar local expression can be
found for all other terms hPhY in Dy with both p,q > 2. Even less clear is the situation
with AH-

We use A and pu regularizations at the Lh.s. and at the r.h.s. of ([L.1]) respectively:

- _dgdg N\ azp [ VIOHP(OHP +[0r%) 5.
DH_<?§H]4(?J—?7)2+)\2> - / 2+ 2 d°¢=An  (1.15)

Divergent contributions are proportional to the length of the curve II,

L 1 . 1 . I s B> 1, - . 1 .
— =14 =(hy+h)— =R+ +=> — " “hihy(hi+h —(h3 +h3) —
5 —1-2(1-1- 1) 8(1-1- 1)+4k§::1‘1+h1’2 411(14— 1)+16(1+ 1)
1 & hihghyg hyhyhyig
4 Z Kk +1—1) k l2k+l 1 Iil2k+l 1 +O(h4)
16k,l:2 (T+h) " (T+h)  (14+R)" (1+R)
= 1 k2| hy|?
:\/1+h1\/1+h1<1+— il 1
4;:2’14-}11’2
1 & hihihy— hihihp—
__Zkl(k+l—1)[ PRHEL oL h ] 2] ) (1.16)
16,72, (L+h) 14 (14 ) |1+ Iy

To summarize, the functional dependencies on arbitrary shape of the curve Il in Dy
and Ap are almost the same, but some overall coefficients are different, moreover, the
number of different coefficients can grow with the order of h-corrections.

It is unclear if this difference can be somehow absorbed into the change of regularization
prescriptions. Moreover, if instead of p-regularization at the r.h.s. of ([.17), one cuts the
area integral at |(| = 1 — ¢, the answer for Ap changes drastically, leaving no observable
similarity to Dp. Worse than that, while the IR-finite part of Dy is invariant w.r.t. the
projective transformations 6z = e_ + €pz + €, 2%, i.e. is annihilated by the three SL(2)

generators
=
Jo = ot kgohkaihk
Jy = a% +2,§0h’“8h(z+1 +§;: hkhlahiH, (1.17)

this is not true for the IR-finite part of Apy (actually in the h? approximation j+A%nite #£0
only because of a wrong coefficient in front of a single term h% hs, but there can be more such
bad terms when the power of h increases). In fact, this does not immediately contradict
the conformal invariance of A, proved in [BI]: the conformal symmetry of [BI] acts on A
in a more sophisticated way than ([.17).

We refrain from making far-going conclusions from these surprising results before they
are independently checked. In case if they are confirmed, they need and can be straightfor-
wardly extended in two obvious directions: to higher orders in h-expansion and to ”wavy



lines”. This can help to better understand the structure of the difference between A and
Drr and hopefully find a simple formulation of the anomaly in the Alday-Maldacena
duality ([[.1). Of course, this anomaly should be also extended to finite-n polygons II.
We emphasize that the apparent similarity between ([.7) and ([L.§]) does not allow one to
simply reject ([[.) (say, by claiming the failure of the BDS conjecture), the relation looks
too close to truth to be simply ignored: one should rather search for overlooked corrections,
which can be responsible for the small discrepancy between the Lh.s. and the r.h.s. of ([.]).

1.6 Plan of the paper

Below in this paper we provide a rather detailed derivation of formulas (I.§) in section [
and ([.7) in section [, ending up with two simple MAPLE programs which can be used for
double-check and generalizations. These derivations are preceded in section J] by a plan
of such calculation, commenting on various semi-technical issues, which can be useful for
further generalizations. Then, there is a brief discussion of global conformal symmetry in
s.5. Finally, the four appendices contain the derivation of formula for the circumference of
the wavy circle and other local counterterms in terms of parameters of the conformal map,
an alternative calculation of Dy using a different regularization, a discussion of another,
rectangular example that allows one to test formula ([.1), 23] and two MAPLE programs
that allow one to calculate A and Dry.

2. Wavy circle: the scheme of calculations

2.1 NG equation for yy =0
NG action with yo = y3 = 0 is quite simple,

/ V1+ (81:)22 + (Bor)? Ay @2.1)
and equation of motion is:
rO%r +2(0r)2 + 2 + rairajr(aija% - afjr> =0 (2.2)
or
rr el = (1 + (87")2) (2 + ra2r) (2.3)

There are a few exactly solvable examples that satisfy both the NG equation (2.9) and
the boundary condition r(y? = 1) = 0. Unfortunately, they do not possess free parameters
that can be used to actually compare the Lh.s. and the r.h.s. of ([.I)). In particular, the
surface

rP=R -y =R~y —yf =R* -2z (24)

is a solution to (R.2). It, indeed, provides a minimum of the regularized action. Later on,
we put R = 1. In fact, changing R is the zero-mode generated by the coefficient hy of the
conformal map. In fact, as illustrated by (), hy enters all formulae in a special way,
different from all other k. Therefore, for the sake of simplicity, we always put h; = h; = 0
and restore non-vanishing h; and h; only in s.5.



2.2 Wavy circle: area calculation

Here we consider an arbitrary infinitesimally deformed circle and describe how to calculate
its regularized minimal area in the first non-trivial — quadratic — order in deformation
parameters.

To this end, we need to resolve the following problems:

e Choose an adequate parametrization of the deformation. We do this by considering
the conformal map z = H(() of interior of the unit circle in the complex (-plane into
the domain bounded by the deformed curve II in the complex z-plane. The map is
an infinitesimal deformation of the unit map, H({) = ¢ + h({) and

h(¢) = huch (2.5)
k=0

is a small function-valued parameter.

e Find the shape of the minimal surface 72(z,2) = 1 — ¢ + a(¢, ¢) by solving the NG
equation for a(¢, ) and imposing the boundary condition

a(eid’, e_id’) =0 (2.6)

For h # 0 vanishing everywhere a = 0 is not a solution, and one needs to calculate a
up to the second order in h. The relevant form of the NG equation in this case is

Axc (a + u(h)) = O(a?,ah, h?) (2.7)
where Ang is a linear differential operator (already found in [29])
Ang = Ag — D? + D = 490 — 720% — 22200 — 2°9* (2.8)

expressed through the ordinary Laplace and dilatation operators Ag = 92 + 95 and
D = y101 + y202, and

u(h) = 2¢C f: Re (hkgk—l) (2.9)

k=1

is linear in h.

A. As a first step towards solving (P.7) we can put h = 0 and neglect the quadratic
term Q(a), i.e. consider the equation

Ana(a) =0 (2.10)

Its generic solution was found in [26, B9 in the form

a(¢,¢) = 2 ) Re(ac*) Fi(c) (2.11)
k=0



where

(1+kvVT—2)(1 — 1T —2)*

Fk(:E) = ok

are specific hypergeometric functions expressed through the Legendre (spherical)
functions Q,i{%

3
E k—1 & 2 (1—x\* 1=k 39 1
o F1 <§=T;/€+1;l’> =2"k(k — 1)2\/;< z ) Lz Qk—1/2 <_:p

We normalize Fj(z) by the condition

F(1) =1, (2.14)

i.e. divide the hypergeometric series at the r.h.s. of (B:13) by their values at
=1,

T'(e)T'(c—a—0)

Fi(a,b;c;1) = 2.1
2Fia,biei ) I'(c—a)'(c—0b)’ (2.15)
Rec>Reb>0, Re(c—a—10)>0
k k—1 2k
Fi| = —; 1;1) = 2.1
21(27 2 7k+ a) k+1 ( 6)
In particular,
Fo(x) = 1,
Fl(ﬂj‘) == 1,
—2 43z 4 2(1 — 2)%/?
Fg(ﬂf) = 33‘2( ) )
—8 + 12z — 322 + 8(1 — x)%/2
Fg(ﬂf) = 3 ( ) ’
x
—24 + 40z — 152% + 8(6 — z)(1 — 2)*/?
F4(33) = 4 ( )( ) )
x
(2.17)
In the vicinity of x = 1 these F}, behave as follows:
k(k—1 k(k* —1
at z=1-¢? F,=1- uc2 - ucg +0(ch) (2.18)

2 3

Of course, for h = 0 the boundary condition (P.§) implies that in (R.11) all
ap = 0.

. Since in neglect of its r.h.s. (R.7) differs from (R.10) only by a shift of a, we
can use the same result (B.11) for a + u(h). Moreover, the explicit form (P.9)

— 10 —



of the shift u(h) is very simple, so that one can easily impose the boundary
conditions (P.6)

a(¢,€) = 23" Re (At ™) A4(¢O) + O(h?),
k=1
Ag(z) = Fya(z) — o (2.19)

and, according to (2.1§),

at x=1-—c Ak:—k(k;?))cz—l—k(k_lg(k_mcg—l—O(c‘l),
Al = k(k; 3) _kk- 12)(k ) ¢+ O0(c?) (2.20)

e Evaluate (regularized) effective action up to the h?-terms. It diverges and we reg-
ularize it. It can be done in many different ways, here we use the two most naive
possibilities which are, however, representative enough to illustrate the typical fea-
tures. As we shall see, the result drastically depends on the choice of regularization.

According to [f[], the regularization procedure implies modifying the action but using
the old solution (which is, definitely, a somewhat controversial prescription).

According to [4] the most appropriate way to regularize AdS quantities is to make
a shift away from the boundary at » = 0 to r = e: dependence of the bulk action on
the shift is the counterpart of renormalization group for the boundary theory.

The question in our case is where we impose the vanishing boundary conditions: on
the boundary or on the shifted boundary?

Another question is what kind of shift we should perform: it can be of an arbitrary
shape and the corresponding renormalization group is in fact infinite-dimensional [i5].
The conventional one-parametric renormalization subgroup corresponds to a kind of
a ”constant” shift.

Of this large variety of possibilities, we consider two different regularizations:

c-regularization: boundary condition at the original boundary, the shift is ”con-
stant”, compare with RG of [i4] and with [l. Implies drastic violation of ([.1)) in
the case of deformed circle. We make this regularization by cutting the integral over

— 11 —



2 = (C at 1 — ¢? with non-vanishing ¢,

\/\8H12<\8H12 + 4jor|?)
Swolah} = [ i e (2.22)

I¢]2<1—¢? r

\/\aHP(rzyaH\? + lor2?)
:/ - d*¢
I¢]2<1—c? r
For
r?=1—¢]* +a(¢, Q) (2.23)

the action can be expanded as

(O 2 (|0H|2 (1-[¢[2) +8C[2+|0H 2a— Da-+ 5l0al?)

— 2
SNG{CL7 h} o /<2<1—02 (1_’C’2 +CL)3/2 d C
= Ocirc T S(){h} + Sl{a, h} + SQ{CL} + O(a?’_jhj) (224)

Here S;{a,h} is of degree j in a and of degree 0,...,2 — j in h and we specially
distinguish the contribution that does not depend on h at all, Sgr.. As a function of
regularization parameter c, each

1 sin, re;
S = = Si"E + 5%+ 0(¢) (2.25)

After substitution of (.19) each S; becomes a function of the boundary shape h(z):

Si{a(h),h} =27 f: i 2o + O(h?) (2.26)
k=2

3Following [ﬂ], one would also have to introduce a c-dependent factor 3(c) = 1 + Bic + O(c?) into the
integrand of action:

\/|8H|2 (10H12 + 40r)?) \/|aH|2 (r210H2 + glor2P2)

3 - 3 (2.21)

This, however, does not lead to any essential effects later on, and we ignore such a modification here. In
fact, the role of 81 would be just to shift 0} — o} + %a’jmg in the formulas below. In fact, 81 has

dimension length~* and can hardly be constant.
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Terms of the order O(c) are omitted, with this accuracy one has

1-c2 k-1 2 2
©) _ ;2 gdr (0 oz 3T\ _ kK
k /0 (1— )32 27 1) T2

—c? k—1
(1) k Akt k /1 Agat~tda ¢
= T a 332 5 s N —4
(1 - 33)3/2 r=1—c2 +2 0 (1 - :E)3/2 <( + )33 >
2 _ 2 B .
_ k*(k —3) B kE*(k—1)(k —2) vol,.
2c 3
o _ @AY

)';/2 ((k; — a2 — 2k — ) + (k — 1))

21 —x

r=1—c2

k(17 Apablda
S e (RS
3k2(k —3)2  k*(k—1)(k—2)(k—3)

= — —1I 2.27
8¢ 2 2 ( )

where we "underbraced” the boundary contributions (which come from the integra-
tion by parts). The density integrals

1 dx x  x? T —2
2 L I " | o
Il_k/o (1—:13)3/2{36 <1 2 4>+ 4 }
252 +35 -1
_ J
= <1+3 E C'k 1 1)(2j+1)(2j+3))’ (2.28)

I = g/o f; (@t k=008 = =) (k- 3)— (k+ 12) (229)

are rather complicated, however, their sum is simple:

k(k—1)(k—2
L +1,=— ( ;( ) (2.30)
Non-transcendental boundary terms contribute
E(k—1)(k—2) Kk*(k—-2)(k—2)(k-3 k(k—1)(k —2
ROk Rk =3 e BED=2)
3 2 6
To summarize, the singular term is
- K*(3k% — 14k +19)  k?  3k%(k* —4k+5) k3
sing _ _ v A 239
Tk 8c 2c * 8c 4c (2:32)
while the regular term is
> = k(k—1)(k—2)
Ve == (3K =Tk hi|? 2.
D ol = = D (8K — Th +8) =" I (2:33)

k=3
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p-regularization: the better one, no direct relation to [4], provides ([L.1) for de-
formed circle up to the coefficient 3 in front of the h? terms. The regularization
implies just replacing 2 — 72 4+ p? in the denominator of the integrand of action:

\/\HHP |OH|? + 4|0r|?
Sxafa,h} = /| ( ) d*¢

¢2<1 24
\/|8H|2<r2|6H|2 + lor2p)
- /|<|2<1 r(r? + p?)

d*¢ (2.34)

In the case of p-regularization the boundary (underlined) terms in (R.27) do not
contribute, and the full answer is

2 1
Area, = T 1+ —Zk:2|hk|2 + 7 (I1 4 Io) — 2w + O(h?) (2.35)
H 4 k=2

The combination (%2 — 277) here is Sgirc.

One would expect that the divergent part of the result should be proportional to the
length of the wavy circle. This is, indeed, the case for the p-regularization, since the
length of the contour is (see appendix I)

L o~ k2|hy|? 5
%_jidl_lJrkZ:zTJrO(h) (2.36)
and
Area, = % - WZ Rk = 12)(k —2) \hi|? — 27 + O(h?) (2.37)
k=3

Comment. Note that the result for the c-regularization is not same good. It is not
proportional to the length and, what is much worse, one can hardly find local bound-
ary counterterms to treat the singularity. Indeed, the only other possible candidate
could be integral of logarithm of the scalar curvature

= 2.
K BE (2.38)
However, this integral
7{ log kdl ~ > k*(k* — 4k + 5)|h|” (2.39)
I k=2

along with the length term, leave the unbalanced singular term —Z’Z—z|hk|2,

see (2.32).
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The main lesson one can get from this consideration is that, generally speaking, the
result strongly depends on the regularization procedure. However, we expect that for the
class of admissible regularizations, i.e. such that the surface terms vanish, the result for
the finite part of the minimal area would not depend on the regularization. For example,
our c-regularization implied that the boundary condition is set at the original boundary.
One can instead shift the boundary conditions to the regularized boundary what effectively
corresponds to omitting the surface terms. As we saw above, this would lead to the same
result as for the p-regularization.

2.3 Double countour integral

Above results for the area should now be compared with the (regularized) double loop
integral evaluated with the same accuracy up to the h2-terms. The result for the finite

piece is?
- 2 dip 2
Z |khy| —5—( cos(2kp) — 204 () cos ((k + 1)) + i) cos(2¢) (2.42)
P 4sin“p
S k(k—1)(k—2)
=2
> o | g |
k=3
Here oi(p) = Zi;r]fi. The divergent piece (see details in (B.§) below) is %, for example,
from

= + 0N (2.43)

/2” Bdyp 2mvVB
o Bsin?p + A2 A

and ¢ \/B(®)d® = L. No term A~! §logrdl is present.

2.4 Double integral vs. minimal area

Now, comparing the results of two calculations for the double contour integral and for the
area, one can see another problem with the c-regularization: the finite piece it gives has

4To obtain this result, one uses the following integrals:

/ sin(ke)\” dp i
sin ¢ or

2k e 2k + 1) si
/sm + — @k +1)sing dp —2k(k + 1) (2.40)
sin® 2m
kp) — k
/cos sm( ®) sin de = —k(k+1),
sin® 27
/cos(2go) sin® (ko) — k?sin® o dp _ 2k(k* +2) (2.41)
sin* ¢ 2 3 .
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nothing to do with the result for the double contour integral ([[.§). Indeed,

rOg Dk _ —(3]{72 - 7k3+4)k(k — 1)(/{: — 2) . k(k _ 1)(k _ 2)

6 6

SV I Ll 12““ =2)

_ k(Bk —1)(k —1)(k — 2) (2.44)
6

which can not be removed into 521 azmg.

At the same time, the case of Area, is much better, though differs by a factor from
the double integral:

[e.9]

L E(k—1)(k—-2),, 9 3
A =— — -2 h 24
reay, % wl;) 5 |h] m+ O(h”) (2.45)
while
D, = @ — 2(2n)? Z k(k ) \hi|> — (2m)2 + O(h?) (2.46)
k=3

By all these reasons, we choose in further calculations only the u-regularization, keeping
in mind that the final result can drastically depend on the regularization, and it is not
guaranteed that the p-regularization is the best/correct one. Anyhow, in this regularization
a discrepancy in the overall coefficient occurs in the h? terms between (R.4H) and (2.44).
If our argument at the end of subsection 2.2 about regularization independence of Area,,
is taken seriously, this discrepancy is unavoidable and becomes a kind of anomaly, slightly
violating the conjectured form ([.1)) of the Alday-Maldacena duality.

2.5 Further corrections

The next step is to check if the same discrepancy is presented in higher orders in h. Naively,
one would expect that, in order to obtain h3-corrections to A, one needs to take into
account higher terms in the NG equation etc. However, it turns out that these corrections
can be obtained with the already obtained solution (R.I1]). To see this, let us introduce the
notation S ;) for the term in action of the order ah!. Then, up to the third order, the
action is

S=>" Sum (2.47)

and the solution to the equation of motion a) linear in h is determined from the variation
(note that S(; gy = 0)

5Say) | 88
( D) (2’°)> —0 (2.48)

da da

a=al)

— 16 —



In order to find the next correction, a® one needs to insert a = a) +a? into the equation

(55(1’1) (55(2’0) (53(271) 53(172) 53(370)
5a+5a+5a+5a+5a

=0 (2.49)

etc. Now one needs to calculate the value of action (i.e. the minimal area) on the solution

3
A= Sun (a(l) +a? 4. ) =A® 4 4G 4 (2.50)
k=1

Note that the part of the cubic correction A®) that involves a(® is linear in it, and,
55a.1) 53(2,0)>
da

da

N which vanishes by the equation of
a=a

motion, (B.4§). Therefore, only a®) contributes to the minimal area up to the third order,

therefore, is proportional to (

and one can use the known solution, (R.11]) when evaluating the minimal area.

Thus, one just needs to insert solution (P.11]) into the action and expand it up to h3
terms. Similarly, one needs to calculate the double contour integral D, up to terms of
the same cubic order. This can be done by pen, or with the computer (the corresponding
MAPLE programs can be found in appendix IV), the results being formulas ([.7) and ([L.§).
In the latter case, the h? terms and some other contributions of higher order are also
presented in order to give a flavour of how they look like. However, in order to include
higher order (quartic) terms into the expression for A,,, one would need to find corrections
to the NG solution which is a tedious problem. Here we restrict ourselves only to the cubic
terms.

3. Double integral: technicalities

3.1 BDS formula and double loop integral

In the (homogeneous) n = oo case the BDS formula immediately leads to the double
integral, hence, the calculation of [[f] can be bypassed. According to [[J], the BDS formula
is a sum over 4-boxes and each 4-box degenerates into a chordae of the curve II when
n — 0o. The contributions of each 4-box consists of dilogarithmic and logarithmic parts,
which degenerate into

2 /
Lig (1 —exp(1 + Ts — Tin1 — Tm2)> "% Lig <1 — exp <5¢5¢'%§3¢)>> (3.1)

0*logt(¢, &)

3

= 6654/

and

dlogt(p,¢') Ologt(p, ¢')
B o¢

(71— Ton1 ) (71 — Tm2) "= 53¢’ +0(5¢%) (3.2)

respectively. Here t = |2(¢) — z(¢')|? is the squared length of the chordae, 7 = logt.
Adding the dilogarithmic and logarithmic contributions and summing over chordae, one
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straightforwardly reproduces the double contour integral

, (0P logt(p,d')  Ologt(e,d') dlogt(p,d) ) ,10%t(, qﬁ’)
f ?idgbd‘z’ ( o00e T oo B f f d6dd 200

fhuem e

3.2 Double loop integral for the wavy circle

The necessary ingredients of the double integrand are

2 — 2|2 = 4sin? 4,0{1 +3 k (hkei<k-1>¢ + Bke—“’f—lﬂ’) ) (3.4)
k

+3° thﬁlak(so>al<so)e"<k‘”‘1’}

k.l

with ¢ = — ¢, ¢/ = @+ ¢, ox(p) = Ta% and

1 | o
5 (d=d2 +dzd') = 2d(I)dcp{ cos(20)+ Yk (h,fe“’f—l)<I> + hke_l(k_l)q’> cos(k+1)p (3.5)
k

+ Z klhyhie! =0 cos(k + l)cp}
kL

Now one needs to regularize the integral and, then, to calculate it (we remind that hy =
hy = 0 to simplify formulae)

dzd? + dzdz'
Dy = .
m 7474 o= 2+ X2 (36)

—2 ]é 4o 7{ dy
cos(2¢)+> . k (hkei(k_l)q>+71 e‘i(k_l)q’) cos(k+1)p+> ks klhyhiet D% cos(k+1)p
A5in? @ (14 k (et 0P e ) 03 (0) + 5y, klhghio(9)on(0)ei=D ) + A2

—2jéd<1>j§ dep cos( 290
4 sin? <,0—|—B
+47rZ|k:h |2/

B(p,®) = 1+Z k (hkel(k_l) —I-hke_i(k_l)q)) 0%(90)4—2 klhphyor()oi(@)et®=0% (3.7
k k,l

@)

v (cos(2k‘<p) — 20%(p) cos ((k + 1)¢) + o2 (p) cos(2<,0))

The second term in (B.7) is finite, we discussed it above in subsection 2.3, while the first
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one diverges and is equal to

2j4d¢7§4siw;oi2w _274@( >_ﬂ>+ow
B
— 47T<X [1 + sz:k2|hk|2] —w> +0(\)

2L
= - 4m? + O(\) (3.8)

The constant 472 can be removed, e.g., by the proper choice of 3; (see footnote 2) and we
ignore it from now on.

One can also try other regularizations in calculating the double loop integral. However,
as we demonstrate in appendix II, using a counterpart of the c-regularization does not
change the result.

4. Minimal area: technicalities

Here we reproduce some technicalities of calculation of the minimal area skipped in section
2.

First of all, we construct the solution to the NG equation in the second order in A and,
then, expand the action up to the same second order and reduce the integrals emerging

to (2:27).
4.1 Approximate NG equation

We are interested in the contribution ~ h? to the regularized NG action. Solving the NG
equation we obtain

a=(1-¢0) [ 14+ Re(axhi) + > Re(amhihi + drhihy) + O(h?) (4.1)
k>0 k,1>0
For OH = 1:
Anga = (AO D2y D)a - (466 _(C20% — 2¢C0d — 5252)a — 0(a?) (4.2)

or, with a®-terms included,
ANGa+2(géaa2a+§aa52a—(gaa+§éa)aéa)+1_L<C_ (g2a2—2g§aé+§252>a — 0(a%) (4.3)
ie.

Anga + 2D(dada) — (Da)Aoa + alga — %CgaANGa = 0(a®) (4.4)

(note that Ag = 92 +03 = 400, (9;a)? = 40ada, D = (O+(0 and (20?+2(CID+(?0?* =
D? — D).
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Now we switch on OH # 1:

|OH |?
4(1 - ¢¢)

{2(|5H|2 -1) (C§+ 200H|?(1 - g@) — ¢ED (log(10H]?)) + (45)
+Axca + ([0H* = 1)(1 = () Aga+
+ (Da + 1C_<Cé<> (2(1 — |0H*) +D (log(\(‘)H]z))>
—l—Cf(@aé log |0H |* 4+ dadlog ]8H‘2>+

+2D(dada) — (Da)Aga + aloa —

The a-independent piece in curved brackets in ([L.5) is
- _ k+1 >~
8 Re (k;hkck 1) <1 - —gg) +O(h?) = 2Anc (Z Re((hkck)> (4.6)
k=1
Thus (see (2.19))

B o o hock—1 B¢ .- 2
a<<,<>—2k§j:1R(hk< )< 0 <<>+O<h> (47)

(this quantity vanishes when (¢ = 1 and a(¢, ¢)+Ch(¢)+C¢h(C) = a(, ()+2>°52, Re(fhka)
is a zero-mode of Ang).

4.2 NG action on NG solution up to the h? terms

d’¢  (4.8)

2 r3

/ VOH|2(10H |2 + 49r0r) e / \/\8H!2 (10H2(1 = ¢C+ a) + [¢ — da]*)
- -

\/yamz (OH 24¢C(1~9H ?) +aloH|2 ~ Da-+ |0al?)
/ (1-¢¢)3/2

3a 15a* 3> 9
— - - d
< <1 20-¢0 s —cop o) )¢

At the moment we ignore regularization, it can be easily restored. Under the root sign one

has up to the second order in h:
(1 + (Oh + Oh) + yahy2) X
x (1 + (Oh + IR)(1 — ¢O) + |Oh[2(1 = ¢O) + (a — Da) + |dal® + a(dh + %)) (4.9)
=1+ (a—Da+ (Oh + Oh)(2 —(f))
+((0h + (1 = ¢C) + [9[(2 — CC) + 2(9h + Bh)a — (9h + BR)Da) + [9al?
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and the square root is equal to

1+%(a—Da+(ah+%)(2—(§)> - (4.10)
+% (4(ah +0h)*(1 — ¢C) + 4]0n*(2 — ¢C) + 8(Oh + Oh)a — 4(dh + Oh)Da) +

+4|0a|* — (a — Da + (0h + Oh)(2 — CE))z)

1
8
+% (4yahy2(2 = ¢0) = (CC)*(8h + BR)? + 2(2 + (()(Oh + Bh)a — 2¢C(Oh + %)Da)

=1+ %(a— Da + (Oh + Ih)(2 — Cf)) + (4\3“‘2 - (a_Da)z) *

Now we substitute

oh =Y khi¢F1,
k=1

Oh +0h =Y 2kRe(hie¢M),

k=1
o)

a =23 Re(hp¢F 1) AL(CO),
k=1

Da = 23 Re(h¢* ™) ((k = 1) 44(¢0) + 26CAL(C)),
k=1

Da—a =2 Re(hi¢* ) ((k - 2)4(CC) + 200 44(0) ).

k=1
0a =Y (k= D)ml"2AR(C0) +2¢C Y Re(hi¢F2) A44(¢C) (4.11)
k=2 k=1

(note that there is no singular term with ¢(~! in the last line) and perform angular inte-
gration. Then the term linear in h vanishes (it is proportional to h; and h; which we put
equal to zero), and the h?-term in the action is proportional to:

ad ! d oy [ (k= 1)2
Sl [ L L (B - v+ a?) @
P o (1—p2)¥ 2
1 _ 2
—Zp2(k b ((k: — ) A + 2p2A;€> +
1 1
2 2k—=1)(1 _ L 2\ 1,2 4 opk-1)
R (1 2”) ke

+ (1 + %;ﬂ) kp?®=D Ay — %kp% ((k: — 1A + 2,%4;) -

1
2
1 15
(12 2 2(k_1)kA e 2(k—1)A2
( 2P >p k +4(1—/72)2p k
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The terms independent on Aj and their derivatives are collected into U]go), those linear in

A;. and their derivatives into algl), and the quadratic terms into 0122)

ED) =0 + 6t 40 (4.13)

4.3 Calculating integrals
Now we calculate the integral (£.12). To this end, note that since F}’s satisfy the equations

21— 2)F'(z) + <k +1- (k: + %)x) Fl(z) — @Fk(m —0 (4.14)
the functions Ay(x) = £ — o satisfy
2(1 — z) Al + (k - (k - %):p> A, - = 114(]‘? — Yy = k(kj Yok (1)
The terms
o\ = / uflﬁk%k—l <1 - gw - %) (4.16)
and
ol = / o _di)s/z {—kxk“A; + b <k <1 + %a:) - %k(k; — )z — 732((21__:%%) Ak}

(4.17)
are immediately® reduced to (R.27), while in order to calculate

d k—1 k—2 3
Ul(f) = /7(1 $ 372 {xk(l — z)(A})? 4 22571 < — ( )z + i )AkA;C—F

— 1) 2 2 2(1 — 2)
—1)2 —2)%z —2)x x
a2 <<k 21) _(k 42) +32((k1_2£) +4(1lix)2>Ai— (4.19)

we integrate the first term by parts and make use of (f.15):

dx & s xRARA]
/7(1 — $)3/23: (1—x)(AL)° = xl_lgl_o — (4.20)
zFldx " AN

1m
z—1-0 1—2a

1 2 dx
(20 ke 40 )

4 1—x)3/2
5Since
dx k41 4 . kA,zht? / ApxFdr 3kx
/ Aoyt A=-lm G5t | G (1) + 301 = x))’ (4.18)
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Integrating by parts the second term in (§.19) we obtain:

/(azk_ldﬂc <k—1_(k—2):c 3z >(2AkA;€)

1—xz)3/2\ 2 2 +2(1—3:)

) a*tA2 (k-1 (k—-2) 3x
= lim — + _
a—1-0 (1 —2)3/2 | 2 2 2(1— )
_/ ¢ 2dx (kK —1)2 _ k(k—2)z n 3kx
(1 —x)3/2 2 2 2(1 —x)

3z k—1 (k-2 1522
+2(1—x)< 2 2 >+4(1—x)2>A% (4.21)

Collecting all the terms with Ai,

A2252dy ( ((k—1)% (k—2)%z 3(k—2)x 152 (k—1)(k—2)x
/ (f—x)3/2 {( > 4 2(i-w) +4(1—3:)2>_ 4 a (422)
(k—1)2  k(k—2)z 3kx
_< > T 2 ° 2(1—x)

= <k;1 ) (k;m) i 4&?;)2)}
_ / éﬁf;ﬁ { ’“;2 (~(h=2)—(h—1) + 2k)

oy (e (-5

[ M (o) o

and one remains only with

kA AL 1 zFldz

which is the same as 0,(62) in (P-27), since the boundary term vanishes.

5. Conformal symmetry

In our ADS3-restricted problem the global conformal symmetry of [B, L6, RS, Bd, Bl reduces
to SL(2) with three complex-valued generators. In what follows we use the formulation

of [B1].

5.1 SL(2) action at the boundary

When acting on a functional F{z(s)} of parameterized curve II : S! — C, the three
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generators are

(5.1)

There are additional three complex-conjugate operators. Since in [B1]] the general situation
(beyond complex plane) is considered, the third generator in (f.]]) was written in a more

7= j{ds%(s),
Jo = j{dé’ <l7(3)%(8)> ;
7= fas{2ie (10505 ) - P50 ) (5.2)

They are j_ (J_, _) Jo = Jo+ Jp and j+ = (J+, J+) in our situation.
We now need to express these generators in terms of hy variables. From z = ( +

>k hiCk z=C+ >k hiC* and

OF = %;F (52(3)d8—|—j§6§€9)52(s)ds

general form

_ SF _
_ k k
Zéhk jq{ —g )ds+zk:5hk —52(3)4 (s)ds (5.3)
we conclude that
0F _OF oF - OF
7452(3)4 s =30 P 5 @ = g (5.4)
Therefore
. 0
J_ = a—ho,

o= o +Z:: k(‘)h

> d
Jy = T +2Z_:hk +]§:: hihy (5.5)

Ohgt1 Ohy 11

5.2 Invariance properties of h-series: a surprise

It is easy to check that ([L.§) is invariant under these SL(2) transformations, while ([L.7) is
not. Indeed, .J_ annihilates all h-series that do not contain ho — and both ([.6) and ([.7)
belong to this class.
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The relevant properties of the coefficients in ([[.6) are:

Cii = By, Ci1 =C12 =0, Cor, = 2Bj41,
Vig = 2Ck, Vot + 24,41 = 2(Craq1 + Cry1y) (5.6)
Uijiu = Cij, Uijr = 2C;;

They are indeed satisfied by the coefficients B(P), ¢(P) V(D) and UP) in ([.g). At the
same time for ([L.9) Cs # 284!

This fact is somewhat surprising because one could expect the opposite result: the
double integral Dy is not a prior: annihilated by j+1, while Ay is shown to be invariant [@]
In particular, the BDS formula is known to satisfy (anomalous) conformal Ward identities
for all 1T [{, [Ld, P8, Bd, B1]. Indeed, dilogarithms in the BDS formula [B] depend only on
invariant cross-ratios, while logarithms reproduce the anomaly part of the Ward identity.

5.3 Invariance of the double integral

To explain the invariance of the double integral, one should note that the integrand in Dy
is obviously not invariant under the projective transformations generated by (f.1]), instead
it changes by a total derivative. Therefore, as soon as the integral diverges, one has to be
careful with its invariance. Indeed, one can easily see the divergent part is not projective-
invariant: it is proportional to the curves length L = §dl = ¢ V/2zds, which transforms as

follows: I
J_L=0, JoL = 5 Ji L = j{zdl (5.7)

as can be read off from formulae (b.1)).

At the same time, this quite formal calculation can be confirmed from explicit manip-
ulations with the h-series. When Jy from (p.5) acts on L which is given by formula ([L.1¢)
with h; and h; switched on, then it converts the typical term in the h series for L,

\/(1+h1)(1+7u)<1+hh1>p<1fﬁl>q (5.8)

Jo /(L ha)(1+ B (Hhhl)p <1 fm)q (5.9)

[ ()] (25) (%)

. L
JoL =3 (5.10)

into

ie.

as required in (5.7).
Similarly, one can use the explicit form of j+ in terms of h,

0
+ > hihiz— (5.11)

. o 0
J+:h08h + 2hoJo + (1 + 1) =+ 2(1 4+ hy) th "
k,I>2

s Tt
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and act with it on L from ([L.14),

1 1 k2| hy|?
— ¢dl = |1+ hi|+ = 12
277?4 1+ 1‘+4k22211+h1! (5:12)
1 & hyhihgsi— i hihjgi—
1 Kk 41— 1) phihi-1 khuftti—1
16]”:2 (1+h1)|1+h1| (1+h1)‘1+h1‘
to obtain
- L - L 22 _ 1 2.2 _
Jy— = 2ho | Jo— 14+hy)? | =hy — — k(k + 1)hih
+9 0(0%)4—(—1‘ 1) [4 2 16(1+h1)]1+h1]]§( + Dhghgyr | +
1 _
+2(1 + h)———— ) (k4 1)%hih
ho 5 hy (k+1)(k+2) 1+hy , -
=~ pdl+(1+h)—— hyh
2 (14 M) 11+ hy kzzz 4 1+ hy| FAHE
1
= — ¢ zdl (5.13)
2w

in accordance with (5.7). Note that this calculation depends on the explicit form of h3-
terms.

5.4 On symmetries of the minimal area

First of all, the r.h.s. of the anomalous Ward identity (A.19) in [B1]] vanishes in our smooth
n = oo limit. Therefore, according to [B]] the minimal area is conformal invariant! — what
seems to contradict apparent non-invariance of Apy.

For an a priori check of the symmetry of the minimal action one needs to extend the
action of SL(2) from the boundary to entire AdS space. The group action is [B1]:

.
L+ 267+ 202 + 2)
N N GRS

L+ 2875+ B*(r? + §?)

T —

(5.14)

At the boundary 72 = 0 it reduces to the projective transformation z — z+3224+0(3). The
problem is that for 2 # 0 the action of j+ on z transforms it into non-holomorphic function
of . Application of the Gauss-Riemann decomposition is needed to restore holomorphicity,
what can imply a more sophisticated action on h-variables beyond the boundary. It can
happen that such modifications involve p-linear terms, which can generate u-finite correc-
tions from the variation of L/u contributions. This is also a kind of anomaly — which
needs to be studied more accurately. This anomaly in conformal symmetry (b.5) is a part
of a larger anomaly for n = co discovered in this paper, which, in its turn, generalizes the
Alday-Maldacena result, [RJ]. A similar anomaly for n = 6 was recently found in [B(], see
also a fresh additional evidence in [0, [].
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A. h-series representation of reparametrization invariants at the bound-
ary

Here we express the circumference of the deformed circle and the integral of logarithm of
its curvature as functions of coefficients hy up to the second order in these coefficients (we
still put hy = hy = 0).

With the conformal map

2=+ Z hyetk® (A.1)
k=0

the square of length element is

2

dz . 2
2 _ |2 i(k—1)¢
at =\ 143 ke D7)
=142 Re (Khye™02) + 37 kiRelyhye = (A.2)
k=1 k=1
Integration along the circle over g—f converts the sums of exponentials in the following way:
Y f(k)Re (hkei<k—1>so> 0 (A.3)
k=2
> Ref(k, Dhphie’ ™02 — N " f(k, k) |
k=1 k=1
{i J(k)Re (ge'=0?) } {i g(k)Re (hye'=12) } — IS fog
2
k=1 k=1 k=1
Keeping this in mind, one gets
iL:/dz:1+1ik2|hk|2+0(h3) (A4)
27 4 Pt '
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Proceed now to curvature and its derivatives. The first local reparametrization invari-
ant (scalar) of a curve is its scalar curvature,

and
ii/kgndh:—15303—4k+5ﬂgmmz (A.6)
2 4

Similarly, one can calculate dk/dy, k£ = dr/dl and the integral of square of this latter, the
result reads

k=3
B. An alternative calculation of Dy by r’/r regularization

In this appendix, we compute the double contour integral Dr to the quadratic order,
regularizing the integral by making the relative size of the two radii r,r" associated with
the two circular line integrals in { plane different from unity. This is a version of c-
regularization, an alternative regularization to the “\” regularization in the text. Let

rr’ =1, z=H({) = ¢ + h(().

1 dzdz + dzdz
DH_%l% 2 ) — p© ¢ DU 1 DB 1 o), (B.1)

"Nz -2

where Dl(-?,z' = 0,1,2 denote order h°, h' and h? contribution to Dy respectively. It is
immediate to see that Dg ) =0 and

o haa? + &) B2)
cl=r J1¢r=r =)

After splitting the double integral into that over total and relative angles, ® and ¢, (B.2)

becomes a simple Poisson integral:

T cos @dp 9 1
2(2 =2(2 —1]. B.
( 7T)a/_ﬁ1—2&(:05904—&2 (2m) <1—a2 > (B-3)

where a = 7’7/ As for Dg ), after some calculation, we obtain

R (K 1Q) folC /)
Z“”[%%““ C-OC-0) (B4)
T R (/) £o( D)
ff“ﬂ C—oC-c |
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where

1—zF
fr(z) = — k. (B.5)

1—=x

We put @ = 1, since the integral is finite at this point. Making a change of variables
(= ei@_%@, (= ei(q”r%“o), w = €, and carrying out the d® integral, we obtain

w wF fr(w)? =
—(2m)* > |huf? [}1{ ;i—m(lfiki})g + C-C-] = —2(27)* ) || <Z Cick—l—i>
i=0

k k
= —2(21)2QY;, (B.6)

where ¢, with ¢; = —(k — 1) +14, for 0 <i < k — 1 are the Taylor coefficients

fk(w) _ - el
a2 _nz_:o il (B.7)

Eq. (B.§) agrees with the result ([.§) of calculations in the A regularization.
To summarize,

Dy = 2(27)? ( - 1) —202m)2Q% + o(?). (B.8)

1—a?

Higher order computation can be carried out as is in the main text.

C. Circle vs. rectangular

In this appendix, we comment on technical differences between the long rectangular that
was considered in [23] and the deformed circle we consider in the paper.

C.1 Asymptotic behavior of r near the boundary

First of all, let us consider the behaviour of solution to the NG equation. From (2.9) in
the leading order in y; and y; we get

2y — Ky
r=\—— (C.1)

where £ is the curvature (inverse radius of the tangent circle) at the given point of the
boundary. This can be considered as a limit near the boundary of exact circle solution (R.4),

r=frt = (= yu)? - o (C-2)

Technically the contribution to (R.9) in this order comes from

8J_T =
RT
1
2
8J_7" = _—/ﬁ;27’37
1
amz—;+mﬁ) (C.3)
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the first derivative dr and the mixed derivative d,d)r are proportional to y)| and can be
neglected. Then the relevant terms in (R.9) are

200, 1)2 +1rd3r +1(0,r)20%r = r(0,7)?0r (C.4)

Since at r — 0 the second derivative aﬁr < (‘ﬁr, it can be neglected in the r9%r term,
but it contributes to the r* terms, because it is multiplied by a large factor 9, r. These
two r# terms actually combine into (0 lr)Qﬁﬁr at the L.h.s. and this contribution is crucial
for (C.2) to be a solution to (R.4): the three terms at the Lh.s. contribute 2 —1 —1 = 0.
Already from this calculus it is clear that things will go wrong if (C.2) does not depend
on y)|. This happens when the boundary straightens, £ = 0, even at a single point - nothing
to say about the boundary containing entire straight segments like in @].6 The problem is
already seen in ([C.2)):  enters also as a normalization factor and stands in the denominator.
Clearly, at x = 0 asymptotics (C.9) is seriously modified, actually it is substituted by

re~ Yy, (C.5)
(note that &y > \/y1 at small y, ). The interpolating formula
2y, — ﬁyﬁ = kr? + const - 2 + O(r?) (C.6)

The situation gets even more tricky if convexity of the curve II is changed: solu-
tion ([C.2) turns imaginary at the other side of the boundary — i.e. simply fails to exist.
This means that, near the boundary, the minimal surface is locally bent towards the center
of curvature of the boundary.

In any case we see that at n = oo the II with some straight segments is a kind of a
very special limit, considerably different from generic situation. This can imply that the
long-rectangular example of 2J], despite its seeming simplicity can actually be non-trivial
and require a more serious analysis. We, however, restrict ourselves to a brief reminder of
that example in the next subsection.

C.2 An example of rectangular

We calculate here the minimal area of the rectangular and demonstrate it does not look
like the double contour integral [[i6].

We consider a very long rectangular of the length L) and the width L so that the
solution to the NG equations depends on the only perpendicular variable y, = y. Then,
the solution 7(y) is easier written in terms of the inverse function

T 2
y(r) = §de _ -CD (arcsin %,z)

T Voi-g

Tt deserves emphasizing that we speak here about a straight segment in projection II in the n = oo

limit: this argument is non-applicable neither to the light-like straight segments which compose II, nor to
the finite-n polygons, where II consists of straight segments, but yo can not be neglected, as in [EI7 @,
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for 0 < y < L/2 and the opposite sign of the root for L/2 < y < L. D(z,k) =
F(z,k) — E(x,k) here is the difference of elliptic integrals of the first and the second
kinds respectively. Then,

L = 2y(C) = 2V/2C (E - %) - 2\/50%

where E and K are complete elliptic integrals of the first and the second kinds respectively

taken at the value of elliptic modulus k = k' = 1/ V2. Note that in this lemniscata point

K = F(éllx//ﬁ%)z and, using the Legendre formula

KE + K'E - KK' = g

for the four complete elliptic integrals with complimentary modulus, one immediately ob-
tains F = j + % Then, one obtains

wC o C:ﬁKL

L= e
V2K m

The area is (u? is the regulator)

9 ¢ dr 2L 1 dr
S=2L,C = —
0 (r2+p2)V/CE -1 C Jo (r24p2)V1—r2t
_VRLy 1 (_ 1 L)
- C 1+p? 1+ p2" V2
where II(v, k) is the complete elliptic integral of the third kind. Its asymptotics can be
found from the relation

(C.7)

o sinfcosf
1 — k2sin?6

and using F(0,k) = 0+ O(0%), E(0,k) = 0 + O(6°):

™

2

K [H( ~(1— K?sin20), k;) - K] (E— K)F(O,K) — KE(@8, k)

1 1 T T
nmf-—,—)|=—-—+0
( L+ p? \/§> Vou 2K (k)

Then, the area

S_?TL||<1_ 1 >_7T2L|| <l_ 1 )
- C \p V2K) V2KL\p V2K
The finite piece in this answer is
L @) Ly

2KL  T(1/4)* L

fin = (CS)

This result has to be compared with the double contour integral. Its finite part comes from
the case when y and 3’ belong to two different parallel lines (when they belong to the same
line one gets the contribution to the divergent term)
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The difference between 27 in ([C.9) and the coefficient in ([C.g) is the confusing problem
discovered in [2J]. One can formulate our result as a non-trivial generalization of this
statement:

e A similar coeflicient discrepancy exists for a circle of arbitrary shape, but only few
of infinitely many coefficients are different.

D. MAPLE programs

We append here two simple MAPLE programs that one can use for evaluating the minimal
area and the double contour integral (the latter one up to any given order in h). Using this
program to obtain the area up to h* order and higher requires the knowledge of solution
to the NG equation up to this order.

D.1 Calculation of Ap

Literally, this program calculates the finite part C'C fin of the coefficient in front of the
cubic term hyhyhyy—1. It uses the explicit form (R.19) of the NG-harmonic functions.

>dH:=z->1+s*dh(z) : dHH:=z->1+s*dhh(z) :r2:=1-z*zz+s*a(z,zz):
S:=sqrt( dH(z)*dHH(zz)*(dH(z)*dHH(zz)*r2 + diff(r2,z)*diff (r2,zz)) )/r2"(1/2)/(r2+mu"2);

SS:=mtaylor(simplify(mtaylor(S,s,1)*(1-z*zz+mu~2)~(3/2)),c,2);
SL:=simplify(simplify(mtaylor(S,s,2)-mtaylor(S,s,1))*(1-z*xzz+mu~2)"(5/2)/s);
SQ:=simplify(simplify(mtaylor(S,s,3)-mtaylor(S,s,2))*(1-zxzz+mu~2) " (7/2)/s"2):
SC:=simplify(simplify(mtaylor(S,s,4)-mtaylor(S,s,3))*(1-zxzz+mu~2)~(9/2)/s"2):

A:=(k,z,zz)->(1+(k-1) *sqrt (1-z*zz) ) * (1-sqrt (1-z*zz) ) " (k-1) / (z*zz) " (k-1) -z*zz;
K:=5: L:=b: M:=K+L-1:
h:=z->h[K]*z"K+h[L]*z"L; hh:=z->hh[M]*z~ (M) ;

dh:=z->diff (h(z),z); dhh:=z->diff(hh(z),z);

a:=(z,zz)-> h[Kl*z~ (K-1)*A(K,z,zz) + h[L]1*z"(L-1)*A(L,z,zz) + hh[Ml*zz"(M-1)*A(M,z,zz) ;
diff(a(z,zz),z):

SS1:=simplify(SS);

SL1:=simplify(SL);

SQ1:=simplify(SQ);

SC1:=simplify(SC);

z:=sqrt (X) *exp(I*phi): zz:=sqrt(X)*exp(-I*phi):
#simplify(SL1);
SLI:=factor(int(simplify(SL1),phi=0..2%Pi)/2/Pi);
SQI:=factor(int(simplify(SQ1),phi=0..2%Pi)/2/Pi);
SCI:=factor(int (simplify(SC1),phi=0..2%Pi)/2/Pi);

LL:
QQ:
CC:

factor (int (SLI/ ((1-X+mu~2) ~(5/2)),X=0..1));
factor (int (SQI/ ((1-X+mu~2)~(7/2)),X=0..1));
factor (int (SCI/ ((1-X+mu~2)~(9/2)),X=0..1));

V V V V V V V V V V V V V V V V VYV VV VYV V VYV VYV YV VVYV

QQQ:=coeff (QQ,arctan(1/mu)); QQQQ:=subs(mu=0,simplify(QQ-QQQ*arctan(l/mu)));
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QQdiv:=coeff (simplify(QQQ*mu* (1+mu~2)"7) ,mu,0);
QQfin:=simplify(QQQQ-QQdiv) ;

CCC:=coeff (CC,arctan(1/mu)); CCCC:=subs(mu=0,simplify(CC-CCC*arctan(1l/mu)));
CCdiv:=coeff (simplify (CCCxmu* (1+mu~2)~11) ,mu,0);
CCfin:=simplify(CCCC-CCdiv);

vV V. V V VvV V

D.2 Calculation of Dy

N here denotes the number of switched on hy, NN < k < N, and the calculation is
performed with the accuracy O(hV).

p:=3:
NN:=0: N:=6:

# theta=Phi, phi = varphi

U:=exp (2*I*phi) + t*sum( (kxh[k]*exp(I*(k-1)*theta) +

kxhh [k] *exp (-I*(k-1)*theta) ) *exp (I*(k+1)*phi), k=NN..N) +
t"2*%sum(sum( k*1xh[k]*hh[1]*exp(I*(k-1)*theta)*exp(I*(k+1)*phi),
1=NN..N) ,k=NN..N) + exp(-2%I*phi) +

t*sum( (kxhh[k]*exp(-I*(k-1)*theta) +

k*h [k] *exp (I*(k-1)*theta) ) *exp (-I*(k+1)*phi), k=NN..N) +
t"2*%sum(sum( k*1xhh[k]*h[1]*exp(-I*(k-1)*theta)*exp(-I*(k+1l)*phi),
1=NN..N) ,k=NN..N);

V:= simplify(1 + t*sum( simplify(sin(k+*phi)/sin(phi))*(h[k]*exp(I*(k-1)*theta)+
hh[k] *exp(-I*(k-1)*theta)), k=NN..N) +

t"2*¢sum(sum( simplify(sin(k*phi)/sin(phi)*sin(1*phi)/sin(phi))*(h[k]*hh[1]*
exp(I*(k-1)*theta)+hh[k]*h[1] *exp(-I*(k-1)*theta))/2, 1=NN..N), k=NN..N));

Ra:=(mtaylor(U/2/(4*sin(phi) "2*V + lambda"2),t,p+1));
RA:=simplify(int( Ra, theta = 0..2%Pi)/2/Pi-1/(4*sin(phi)“~2) + 1/2);

V VV V V V V V V V V V V V V V V V V V V V.YV

DI:=simplify(int( RA, phi=0..2%Pi )/2/Pi);
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